Let K be a complete discrete valuation field of mixed characteristic (0, p) with perfect residue field. Let (πn) n≥0 be a system of p-power roots of a uniformizer π = π0 of K with π p n+1 = πn, and define Gs (resp. G∞) the absolute Galois group of K(πs) (resp. K∞ := n≥0 K(πn)). In this paper, we study Gs-equivatiantness properties of G∞-equivariant homomorphisms between torsion (potentially) crystalline representations.
Introduction
Let p be a prime number and r ≥ 0 an integer. Let K be a complete discrete valuation field of mixed characteristic (0, p) with perfect residue field and absolute ramification index e. Let π = π 0 be a uniformizer of K and π n a p n -th root of π such that π p n+1 = π n for all n ≥ 0. For any integer s ≥ 0, we put K (s) = K(π s ). We also put K ∞ = n≥0 K (n) . We denote by G K , G s and G ∞ absolute Galois groups of K, K (s) and K ∞ , respectively. By definition we have the following decreasing sequence of Galois groups:
Since K ∞ is a strict APF extension of K, the theory of fields of norm implies that G ∞ is isomorphic to the absolute Galois group of some field of characteristic p. Therefore, representations of G ∞ has easy interpretations via Fontaine'sétale ϕ-modules. Hence it seems natural to have the following question:
Question 1.1. Let T be a representation of G K . For a "small" integer s ≥ 0, can we reconstruct various information of the G s -action on T from that of the G ∞ -action?
Nowadays there is an interesting insight of Breuil; he showed that representations of G K arising from finite flat group schemes or p-divisible groups over the integer ring of K is "determined" by its restriction to G ∞ . Moreover, for Q p -representations, Kisin proved the following theorem in [Kis] (which was a conjecture of Breuil): the restriction functor from the category of crystalline Q p -representations of G K into the category of Q p -representations of G ∞ is fully faithful.
In this paper, we give some partial answers to Question 1.1 for torsion crystalline representations, moreover, torsion potentially crystalline representations. Our first main result is as follows. Let Rep r,ht,pcris(s) tor (G K ) be the category of torsion Z p -representations T of G K which satisfy the following: there exist free Z p -representations L and L ′ of G K , of height ≤ r, such that
• L| Gs is a subrepresentation of L ′ | Gs . Furthermore, L| Gs and L ′ | Gs are lattices in some crystalline Q p -representation of G s with Hodge-Tate weights in [0, r];
• T | Gs ≃ (L ′ | Gs )/(L| Gs ).
Theorem 1.2. Suppose that p is odd and e(r−1) < p−1. Let T and T ′ be objects of Rep r,ht,pcris(s) tor (G K ). Then any G ∞ -equivariant homomorphism T → T ′ is in fact G s -equivariant.
We should remark that the condition e(r − 1) < p − 1 in the above does not depend on s. We put Rep r,cris tor (G K ) = Rep r,ht,pcris(0) tor (G K ). By definition, a torsion Z p -representation T of G K is contained in this category if and only if it can be written as the quotient of lattices in some crystalline Q p -representation of G K with Hodge-Tate weights in [0, r] . We call the objects in Rep r,cris tor (G K ) torsion crystalline representations with Hodge-Tate weights in [0, r]. In the case r = 1, such representations are equivalent to finite flat representations. (Here, a torsion Z prepresentation of G K is finite flat if it arises from the generic fiber of some p-power order finite flat commutative group scheme over the integer ring of K.) Combining Theorem 1.2 with results of [Kim] , [La] , [Li4] (the case p = 2) we obtain the following full faithfulness theorem for torsion crystalline representations. Before this work, some results are already known. First, the full faithfulness theorem was proved by Breuil for e = 1 and r < p − 1 via the Fontaine-Laffaille theory ([Br2] , the proof of Théorèm 5.2). He also proved the theorem under the assumptions p > 2 and r ≤ 1 as a consequence of a study of the category of finite flat group schemes ([Br3, Theorem 3.4.3]). Later, his result was extended to the case p = 2 in [Kim] , [La] , [Li4] (proved independently). In particular, the full faithfulness theorem for p = 2 is a consequence of their works. On the other hand, Abrashkin proved the full faithfulness in the case where p > 2, r < p and K is a finite unramified extension of Q p ([Ab2, Section 8.3.3]). His proof is based on calculations of ramification bounds for torsion crystalline representations. In [Oz2] , a proof of Corollary 1.3 under the assumption er < p − 1 is given via (ϕ,Ĝ)-modules (which was introduced by Tong Liu [Li2] to classify lattices in semi-stable representations).
Our proof of Theorem 1.2 is similar to the proof for the main result of [Oz2] , but we need more careful considerations for (ϕ,Ĝ)-modules. Indeed we need special base change arguments to study some potential crystalline representations. In fact, we prove a full faithfulness theorem for torsion representations arising from certain classes of (ϕ,Ĝ)-modules (cf. Theorem 4.8), which immediately gives our main theorem. In addition, our study gives a result as below which is the second main result of this paper (here, we define log p (x) := −∞ for any real number x ≤ 0). Theorem 1.4. Suppose that p is odd and s > n − 1 + log p (r − (p − 1)/e). Let T and T ′ be objects of Rep r,cris
For torsion semi-stable representations, a similar result was shown in Theorem 3 of [CL2] , which was a consequence of a study of ramification bounds. The bound appearing in their theorem was n − 1 + log p (nr). By applying our arguments given in this paper, we can obtain a generalization of their result; our refined condition is n − 1 + log p r (see Theorem 4.16). Some other consequences of our study are described in subsection 4.7. Motivated by the full faithfulness theorem (= Corollary 1.3) and Theorem 1.4, we raise the following question. 
On the other hand, there exist counter examples of the full faithfulness theorem when we ignore the condition e(r − 1) < p − 1. Let Rep tor (G 1 ) be the category of torsion Z p -representations of G 1 . Theorem 1.6 (= Special case of Corollary 5.13). Suppose that K is a finite extension of Q p , and also suppose e | (p − 1) or (p − 1) | e. If e(r − 1) ≥ p − 1, the restriction functor Rep r,cris
is not full (in particular, the restriction functor Rep r,cris
In particular, if p = 2, then the full faithfulness never hold for any finite extension K of Q 2 and any r ≥ 2. Theorem 1.6 implies that the condition "e(r − 1) < p − 1" in Corollary 1.3 is the best possible for many finite extensions K of Q p . Now we describe the organization of this paper. In Section 2, we setup notations and summarize facts we need later. In Section 3, we define variant notions of (ϕ,Ĝ)-modules and give some basic properties. They are needed to study certain classes of potentially crystalline representations and restrictions of semi-stable representations. In Section 4, we study technical torsion (ϕ,Ĝ)-modules which are related with torsion (potentially) crystalline representations. The key result in this section is the full faithfulness result Theorem 4.8 on them, which allows us to prove our main results immediately. Finally, in Section 5, we calculate the smallest integer r for a given torsion representation T such that T admits a crystalline lift with Hodge-Tate weights in [0, r]. We mainly study the rank two case. We use our full faithfulness theorem to assure the non-existence of crystalline lifts with small Hodge-Tate weights. Theorem 1.6 is a consequence of studies of this section.
For any topological group H, we denote by Rep tor (H) (resp. Rep Zp (H), resp. Rep Qp (H)) the category of torsion Z p -representations of H (resp. the category of free Z p -representations of H, resp. the category of Q p -representations of H). All Z p -representations (resp. Q p -representations) in this paper are always assumed to be finitely generated over Z p (resp. Q p ).
For any field F , we denote by G F the absolute Galois group of F (for a fixed separable closure of F ).
Preliminaries
In this section, we recall definitions and basic properties for Kisin modules and (ϕ,Ĝ)-modules. Throughout Section 2, 3 and 4, we always assume that p is an odd prime.
Basic notations
Let k be a perfect field of characteristic p, W (k) the ring of Witt vectors with coefficients in k,
, K a finite totally ramified extension of K 0 of degree e, K a fixed algebraic closure of K. Throughout this paper, we fix a uniformizer π of K. Let E(u) be the minimal polynomial of π over K 0 . Then E(u) is an Eisenstein polynomial. For any integer n ≥ 0, we fix a system (π n ) n≥0 of a p n -th root of π in K such that π
where O K is the integer ring of K and the transition maps are given by the p-th power map. For any integer s ≥ 0, we write π s := (π s+n ) n≥0 ∈ R and π := π 0 ∈ R. Note that we have π s 
) with respect to the ideal generated by E s (u s ) (resp. E(u)). There exists a unique Frobenius map ϕ : Convention: For simplicity, if L = K, then we often omit the subscript "L" from various notations (e.g. 
Kisin modules
Convention: For simplicity, if L = K, then we often omit the subscript "L" from various notations (e.g. Mod 
(ϕ,Ĝ)-modules
The notion of (ϕ,Ĝ)-modules are introduced by Tong Liu in [Li2] to classify lattices in semi-stable representations. We recall definitions and properties of them. We continue to use same notations as above.
Let L p ∞ be the field obtained by adjoining all p-power roots of unity to L. We denote byL the composite field of L ∞ and L p ∞ . We define
Proof. By replacing L s with L, we may assume s = 0. It suffices to proveK
However, since L is unramified over K, this contradicts the fact that π is a uniformizer of L.
We fix a topological generator τ of G K,p ∞ . We also denote by τ the pre-image of
For any g ∈ G K , we put ε(g) = g(π)/π ∈ R, and define ε := ε(τ ). Here,τ ∈ G K is any lift of τ ∈Ĝ K and then ε(τ ) is independent of the choice of the lift of τ . With these notation, we also note that we have
We put t = −log([ε]) ∈ A cris . Denote by ν : W (R) → W (k) a unique lift of the projection R → k, which extends to a map ν : B 
i! is the standard divided power. We define a subring R L0,s (resp. R L0 ) of B + cris as below:
shows that R L,s (resp. R L0,s ) is a ϕ-stable S L,s -subalgebra of W (R) (resp. B + cris ), and ν induces 
Convention: For simplicity, if L = K, then we often omit the subscript "L" from various notations (e.g. "a (ϕ,Ĝ K,s )-module" = "a (ϕ,Ĝ s )-module", Mod There exists t ∈ W (R) pW (R) such that ϕ(t) = pE(0) −1 E(u)t. Such t is unique up to units of 
The following results are important properties for the functorT L,s . 
(ϕ,Ĝ)-modules, Breuil modules and filtered (ϕ, N)-modules
This action is in fact explicitly written as follows:
By this explicit formula, we can obtain an easy relation between N D and τ p s -action onM as follows: first we recall that t = −log(τ
. By the formula, for any n ≥ 0 and x ∈ D, an induction on n shows that we have
and in particular we see
It is not difficult to check the equation
Base changes for Kisin modules
Let M be a free or torsion Kisin module of height ≤ r over S L (resp. over S). We put 
In particular, it follows from Proposition 2.1 (1) that the following holds: By definition, we immediately see that we haveT
Base changes for (ϕ,Ĝ)-modules
). Similar to Proposition 2.6, we can prove the following. The proposition immediately follows from the full faithfulness property of Theorem 2.5 (1) and the lemma below.
Lemma 2.8. Let K ′ is a finite totally ramified extension of K. Then the restriction functor from the category of semi-stable Q p -representations of G K into the category of semi-stable Q prepresentations of G K ′ is fully faithful.
Proof. Let V and V ′ be semi-stable Q p -representations of G K and let f : V → V ′ be a G K ′ -equivariant homomorphism. Considering the morphism of filtered (ϕ, N )-modules over K ′ corresponding to f , we can check without difficulty that f is in fact a morphism of filtered (ϕ, N )-modules over K. This is because K ′ is totally ramified over K 0 as same as K. This gives the desired result.
Variants of free (ϕ,Ĝ)-modules
In this section, we define some variant notions of (ϕ,Ĝ)-modules. We continue to use same notation as in the previous section. In particular, p is odd.
Definitions
We start with some definitions which are our main concern in this and the next section. 
Morphisms are defined by the obvious way. By replacing "free" of (1) 
M. Similar to the above, for any objectM of Mod
On the other hand, we obtain functors Mod 
Zp (G L,s ) by Theorem 2.5. In the rest of this section, we study free cases. We leave studies for torsion cases to the next section. Summary, we obtained the following commutative diagram. 
Hence, taking any K 0 -basis e 1 , . . . ,
is well-defined. On the other hand, choose g 0 ∈ G s such that χ p (g 0 ) = 1, where χ p is the p-adic cyclotomic character. Since g 0 τ
χp(g0) and thus we also have log(A s (χ p (g 0 )t)) = χ p (g 0 )log(A s (t)). Since log(A s (0)) = log(I d ) = 0, we can write log(A s (t)) as tB(t) for some 
(3.2.1)
Since we have
for any g ∈ G K and f ∈ S K0 , we obtain the following explicit formula:
In particular, as in subsection 2.4, we can show that
for any x ∈ D.
Proof of Proposition 3.2. We continue to use the above notation. It suffices to prove that the
On the other hand, we know that N D is nilpotent, that is, there exists j 0 > 0 such that N j0 D = 0. Then we obtain
Therefore, it suffices to show that
→ 0 (p-adically) as i → ∞, we finish a proof. 
Relations with crystalline representations
However, if such M descends to a Kisin module over S, then we can show the following. 
Proof. Ss as above. We claim that, for any x ∈ M s , we have τ [1+] W (R). This follows from the lemma below and thus we obtained the claim. By the claim and Theorem 2.5 (2), we know that
Proof. This is due to [GLS, the proof of Proposition 7] but we write a proof here.
(1) Take x = u ℓ y ∈ I [1] W (R) with y ∈ B + cris . By Lemma 3.2.2 of [Li4] we have y ∈ W (R). Now we remark that uz ∈ Fil n W (R) with z ∈ W (R) implies z ∈ Fil n W (R) since u is a unit of B 
Variants of torsion (ϕ,Ĝ)-modules
In this section, we mainly study full subcategories of Mod r,Ĝs /S∞ defined below and also study representations associated with them. As a consequence, we prove theorems in Introduction. We use same notation as in Section 2 and 3. In particular, p is odd. In below, let v R be the valuation of R normalized such that v R (π) = 1/e and, for any real number x ≥ 0, we denote by m ≥x R the ideal of R consisting of elements a with v R (a) ≥ x.
Let J be an ideal of W (R) which satisfies the following conditions:
• J is a principal ideal,
• J is ϕ-stable and G s -stable in W (R).
By the above first and second assumptions for J, the image of J under the projection W (R) ։ R is of the form m ≥cJ R for some real number c J ≥ 0. 
The category Rep
where
Thus we can define a morphismι
is the dual representation of T s (M). Composing this isomorphism withι
′ s , we obtain the desired map
It follows from a direct calculation thatι s is ϕ-equivariant and G s -equivariant. If we denote bŷ 
is bijective. Let L be as in Section 2, that is, the completion of an unramified algebraic extension of K with residue field k L . We prove the following base change lemma.
By an obvious way, we define a functor Mod 
Recall that we abuse notations by writing τ for the pre-image of 
Take any a ∈ S L and x ∈ M. Note that we have τ 
Then we have S L = ℓ j=1 c j S and thus we can write a = ℓ j=1 a j c j for some a j ∈ S. Hence it suffices to show (τ
Full faithfulness theorem for Rep r,Ĝs,J tor (G s )
Our goal in this subsection is to prove the following full faithfulness theorem, which plays an important roll in our proofs of main theorems. 
, is exact and fully faithful (cf. loc. cit., Corollary 3.3.10). It is not difficult to check that T S (Max r (M)) is canonically isomorphic to T S (M) as representations of G ∞ for any torsion Kisin module M of height ≤ r.
Definition 4.9 ([CL1, Section 3.6.1]). Let d be a positive integer. Let n = (n i ) i∈Z/dZ be a sequence of non-negative integers of smallest period d. We define a torsion Kisin module M(n) as below:
• for all i ∈ Z/dZ, ϕ(e i ) = u ni e i+1 .
We denote by S r max the set of sequences n = (n i ) i∈Z/dZ of integers 0 ≤ n i ≤ min{er, p − 1} with smallest period d for some integer d except the constant sequence with value p − 1 (if necessary). By definition, we see that M(n) is of height ≤ r for any n ∈ S r max . Putting r 0 = max{r ′ ∈ Z ≥0 ; e(r ′ − 1) < p − 1}, we also see that M(n) is of height ≤ r 0 for any n ∈ S r max . It is known that M(n) is maximal for any n ∈ S r max ([CL1, Proposition 3.6.7]). If k is algebraically closed, then M(n) is simple in Max r /S∞ for any n ∈ S r max (cf. loc. cit., Propositions 3.6.7 and 3.6.12) and furthermore, the converse holds; any simple object in Max r /S∞ is of the form M(n) for some n ∈ S r max (cf. loc. cit., Propositions 3.6.8 and 3.6.12). 
Proof. Choose any (p
We see that x i − 1 is contained in I + R. In the rest of this proof, to avoid confusions, we denote the image of
for the basis {e i } i∈Z/dZ of M(n) as in Definition 4.9. It is not difficult to check that M(n) has a structure of an object of Mod r,Ĝs /S∞ via thisĜ s -action; we denote it byM(n). It suffices to prove thatM(n) is in fact an object of Mod r,Ĝs,J /S∞ . Recall that v R is the valuation of R normalized such that v R (π) = 1/e. Definẽ t = t mod pW (R) an element of R. We denote by v p the usual p-adic valuation normalized by v p (p) = 1. Note that we have v R (ε − 1) = p/(p − 1) and v R (t) = 1/(p − 1) (here, the latter equation follows from the relation ϕ(t) = pE(0)
−1 E(u)t). We see that
Since p s+2 /(p − 1) ≥ c J and the image of J in R is m ≥cJ R , we obtain
Finally we have to show that τ
for any i ≥ 1, we have done.
Recall that r 0 = max{r ′ ∈ Z ≥0 ; e(r ′ − 1) < p − 1}. Put r 1 := min{r, r 0 }.
, it is uniquely determined.
We denote this object byM(n).
Proof. We should remark that M(n) is of height ≤ r 1 for any n ∈ S r max . The uniqueness assertion follows from Proposition 4.2.
Lemma 4.12. The functor from tamely ramified Z p -representations of G K to Z p -representations of G ∞ , obtained by restricting the action of G K to G ∞ , is fully faithful.
Proof. The result immediately follows from the fact that G K is topologically generated by G ∞ and the wild inertia subgroup of G K .
We remark that any semi-simple F p -representation of G K is automatically tame.
Proof. Let L be the completion of the maximal unramified extension
L is the completion of the maximal unramified extension of K (s) , and G s is topologically generated by G L,s and G ∞ . Consider the following commutative diagram:
Lemma 4.6), the above diagram allows us to reduce a proof to the case where k is algebraically closed. In the rest of this proof, we assume that k is algebraically closed. Under this assumption, an F p -representation of G s is tame if and only if it is semi-simple by Maschke's theorem. Thus we may also assume that T is irreducible (here, we remark that any subquotient of T is tame and, also remark that the essential image of T S : Mod r /S∞ → Rep tor (G ∞ ) is stable under subquotients in Rep tor (G ∞ )). We claim that T | G∞ is also irreducible. If not, there exists a non-zero irreducible
be the maximal tamely ramified extension of K (s) and I p,s := Gal(K/K t (s) ) the wild inertia subgroup of G s . We see that
Thus we can regard W as an irreducible F p [G s ]-module. By Lemma 4.12, we see that W is a sub F p [G s ]-module of T . This contradicts the irreducibility of T and the claim follows.
By the assumption on T , we have /S∞ as in Corollary 4.11. We recall that T S (M(n)) is isomorphic toT s (M(n))| G∞ (see Theorem 2.5 (1)), and hence we have an isomorphism T | G∞ ≃T s (M(n))| G∞ . Here, we note that T andT s (M(n)) are irreducible as representations of G s (cf. [CL1, Theorem 3.6.11]). Applying Lemma 4.12 again, we obtain an isomorphism T ≃T s (M(n)) as representations of G s . On the other hand, we can takeM
. We consider the following commutative diagram: 
Proof of Theorem 1.2
Now we are ready to prove our main theorems. First we prove Theorem 1.2. 
Recall that Rep
We apply our arguments given in previous subsections with the following J:
Then we have c J = p/e + p/(p − 1) and thus the inequalities p s+2 /(p − 1) ≥ c J > pr/(p − 1) are satisfied if e(r − 1) < p − 1. Therefore, Theorem 1.2 is an easy consequence of the following proposition and Theorem 4.8.
Proposition 4.14. If T is an object of Rep r,ht,pcris(s) tor
By Theorem 2.5 (1), there exists an injectionL ′ ֒→L of (ϕ,Ĝ s )-modules over S s which corresponds to the injection L| Gs ֒→ L ′ | Gs . On the other hand, there exist N and 
Then we see that M has a structure of an object of Mod 
This finishes a proof.
Proof of Theorem 1.4
We give a proof of Theorem 1.4. If s ≥ n − 1, then we put
Note that we have c J = p/e+p s−n+2 /(p−1) and thus the inequalities p s+2 /(p−1) ≥ c J > pr/(p−1) are satisfied if s > n − 1 + log p (r − e/(p − 1)). Proof. Let L be an object of Rep r,cris 
Some consequences
In this subsection, we generalize some results proved in Section 3.4 of [Br3] . First of all, we show the following elementary lemma, which should be well-known to experts, but we include a proof here for the sake of completeness. 
thus T ∨ (r) ∈ Rep r,cris tor (G K ). Finally, we prove the stability assertion for subobjects. Let T ′ be a
be a free Z p -representation of G K such that its dual is the kernel of f . We have an exact sequence
tor (G K ). In the case where r = 1, the assertion (1) of the following corollary was shown in Theorem 3.4.3 of [Br3] .
Corollary 4.19. Let T be an object of Rep r,cris
Proof. By the duality assertion of Lemma 4.18, it is enough to show the case where T ′ is a G ∞ -stable submodule of T . Take any sequence T ′ = T 0 ⊂ T 1 ⊂ · · · ⊂ T m = T of torsion G ∞ -stable submodules of T such that T i /T i−1 is irreducible for any i. As explained in the proof of Proposition 4.13, the G ∞ -action on T i /T i−1 can be (uniquely) extended to G K . By Theorem 5.3 given in the next section, we know that T i /T i−1 is an object of Rep (G s ). Repeating this argument, we have that T ′ = T 0 is G s -stable in T . Next we consider the case where k is not necessary algebraically closed. Let L be the completion of the maximal unramified extension K ur of K, and we identify G L with the inertia subgroup of
Now let V be a Q p -representation of G K and T a Z p -lattice of V which is stable under G ∞ . Then we know that T is automatically G s -stable for some s ≥ 0. Indeed we can check this as follows. Take any G K -stable Z p -lattice T ′ of V which contains T , and take an integer n > 0 with the property that p n T ′ ⊂ T . Furthermore, we take a finite extension
If we take any integer s ≥ 0 with the property
The following corollary, which was shown in Corollary 3.4.4 of [Br3] in the case where r = 1, is related with the above property. 
Crystalline lifts and c-weights
We continue to use the same notation except for that we may allow p = 2. We remark that a torsion Z p -representation of G K is torsion crystalline with Hodge-Tate weights in [0, r] if there exist a lattice L in some crystalline Q p -representation of G K with Hodge-Tate weights in [0, r] and a G K -equivariant surjection f : L ։ T . We call f a crystalline lift (of T ) of weight ≤ r. Our interest in this section is to determine the minimum integer r (if it exists) such that T admits crystalline lifts of weight ≤ r. We call this minimum integer the c-weight of T and denote it by w c (T ). If T does not have crystalline lifts of weight ≤ r for any integer r, then we define the c-weight w c (T ) of T to be ∞. Motivated by [CL2, Question 5.5], we raise the following question.
Question 5.1. For a torsion Z p -representation T of G K , is the c-weight w c (T ) of T finite? Furthermore, can we calculate w c (T )?
General properties of c-weights
We study general properties of c-weights. At first, by ramification estimates, it is known that c-weights may have infinitely large values ([CL2, Theorem 5.4]); for any c > 0, there exists a torsion Z p -extension T of G K with w c (T ) > c. In this paper, we mainly consider representations with "small" c-weights. If c-weights are "small", they are closely related with tame inertia weights. Now we recall the definition of tame inertia weights. Let I K be the inertia subgroup of G K . Let T be a d-dimensional irreducible F p -representation of I K . Then T is isomorphic to 
is a G K -equivariant surjection and hence we have done. By a classical result of Raynaud, each
) comes from a finite flat group scheme defined over K ur . We should remark that such a finite flat group scheme is in fact defined over a finite unramified extension of K. Since any finite flat group scheme can be embedded in a p-divisible group, the above observation implies the following: there exist a finite unramified extension K ′ over K, a lattice L in some crystalline Q p -representation of G K ′ with Hodge-Tate weights in [0, i 0 ] and an I K -equivariant surjection f : L ։ T . The map f induces an I K -equivariant surjectioñ f : L/pL ։ T . Since L/pL and T is finite, we see thatf is in fact G K ′′ -equivariant for some finite unramified extension K ′′ over K ′ , and then so is f . Therefore, we obtain w c (T | G K ′′ ) ≤ i 0 . By Proposition 5.2 (1), we obtain w c (T ) ≤ i 0 .
H
Proof of Proposition 5.9. We may suppose n = 1. We choose any uniformizer π ′ of K. Putting v K (q) = m, we can write q = (π ′ ) m x with some unit x of the integer ring of K. Since m is prime to p, we have a decomposition x = ζ ℓ y m in K × for some ℓ > 0 prime to p and y ∈ K with v K (y − 1) > 0. Here ζ ℓ is a (not necessary primitive) ℓ-th root of unity. Since ℓ is prime to p, we have ζ ℓ = ζ ps ℓ for some integer s. We put π = π ′ y. This is a uniformizer of K. Choose any p-th root π 1 of π and put q 1 = ζ Corollary 5.14. Suppose that any one of the following holds:
• p = 2 and K is a finite extension of Q 2 (in this case r 
